We present a simple stochastic quadrant model for calculating the transport and 
I. INTRODUCTION
In this paper, we propose a simple stochastic quadrant model of coherent structures for heavy particle deposition in a turbulent boundary layer inspired by the quadrant analysis of Willmarth and Lu 1 which captures the influence of sweeps and ejections on the deposition of particles. It is another way of modeling deposition of heavy particles within fully developed turbulent boundary layers that adds insight and suggests new ways for improving the deposition prediction of heavy particles encountered in a wide range of industrial and environmental applications 2 .
The modelling and simulation of the transport and deposition of particles in a turbulent boundary layer is a much studied topic. The first attempts of Friedlander and Johnstone
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and Davies 4 were based on a gradient diffusion/free-flight theory where the concept of a particle stop distance was proposed. However the initial particle free-flight velocity had to be artificially adjusted from its value based on the local fluid rms velocity to get good agreement with the experimental data. Hutchinson et al. 5 and Kallio and Reeks 6 employed a MonteCarlo based Lagrangian particle tracking method for calculating particle deposition. In the work of Kallio and Reeks 6 the turbulent boundary layer was described as a randomized eddy field with corresponding velocity and time scales as functions of the particle distance away from the wall. Swailes and Reeks 7 proposed to use the kinetic equation developed by Reeks 8 as a model to study the deposition of "high inertia" particles in a turbulent duct flow. Young and Leeming 9 developed a simple approach based on an advection diffusion equation (ADE) to address the particle deposition in turbulent pipe flows, which represents a considerable advance in physical understanding over previous free-flight theories. Guha 10 developed a unified Eulerian theory, which is based on a Reynolds averaging of the particle continuity and momentum conservation equations for studying turbulent deposition onto smooth and rough surfaces. Zaichik et al. 11 developed a simplified Eulerian model called the diffusioninertia model (DIM), which is based on a kinetic equation for the probability density function (PDF) of particle velocity and position, to investigate the dispersion and deposition of low-inertia particles in turbulent flows. Furthermore, the DIM was incorporated into the nuclear/industrial computational fluid dynamics (CFD) code SATURNE for calculating the deposition of aerosols (see 12 ).
Thanks to significant progress achieved in CFD, and in particular in the development of sophisticated turbulence models and numerical methods for unstructured grids for complex geometry, the CFD approach has been used to study the deposition of heavy particles in both simple and complex flows and geometries. This is usually carried out in an EulerianLagrangian framework where individual particles are tracked through a random Eulerian flow field in which the mean flow, the timescales and rms of the velocity fluctuations are based on a solution of a closed set of Reynolds-Averaged Navier-Stokes (RANS) equations for the underlying carrier flow field. To obtain statistically significant results it is necessary to carry out the calculation for a huge amount of particles, each particle associated with a particular realization of the random flow field. This facility has been embedded into most CFD codes, although the stochastic nature of both the turbulence of the underlying flow and the dispersed particulate flow makes the problem of turbulent dispersed particulate flows more complex than its single-phase counterpart. Therefore, in order to acquire as accurate as possible numerical predictions on turbulent particle deposition, additional modelling work is needed to be incorporated into the RANS equations modelling framework to account for the effect of turbulence on the dispersion of particulate phase. Furthermore, the value of the modelling is needed to be accurately assessed by comparing the results against experimental measurements or data determined by direct numerical simulation (DNS) or large eddy simulation (LES) (see [13] [14] [15] [16] [17] [18] [19] ).
There have been several investigations into ways of extending the existing basic Lagrangian particle tracking method in a RANS modelling framework for calculating particle deposition, since the default model in commercial CFD codes gives several orders of magnitude over-prediction of the particle deposition rates for very small particles. Greenfield
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implemented the random eddy interaction boundary layer approach proposed by Kallio and The essence of the work of these researchers 20, 22, 24, 25 has been to improve upon the detailed statistics of the turbulent boundary layer which is not properly resolved in the most-widely used standard k − turbulence model in a CFD modelling framework. A particular inadequacy is the isotropic assumption used in the standard k − model to calculate fluctuating fluid velocities u i = 2k/3. Associated with this is the structure and timescale of the near wall turbulence that is a critically controlling factor for the deposition of heavy particles.
As well as the simple and efficient standard k − turbulence model, Tian of attempts that we have referred to in the introduction (see also 24, 26, [28] [29] [30] 42 ).
In this work, our attention is confined to the turbulent deposition of particles onto perfectly absorbing adjacent surfaces in a fully developed turbulent boundary layer, in which the flow velocity statistics are in independent of streamwise coordinate x. As stated by Pope 43 , a fully developed channel flow can be considered as statistically stationary and onedimensional, with velocity statistics depending on the wall normal direction y only. In this case, a new approach is proposed here to model the wall-normal fluctuating velocity component denoted by v based on quadrant analysis of the coupled (v , u ) Reynolds shear stress domain. In addition, the particle tracking is performed using a Lagrangian particle tracking module independent of the discrete phase model (DPM) provided by ANSYS FLUENT.
It is widely considered that the distribution of the wall normal fluctuating velocity is skewed within fully developed turbulent boundary layers (see 44 ). The wall normal fluctuating velocity component v can be distinguished as positive or negative according to whether the momentum flux is away from or towards the wall. Thus let v + be a function defined as
and v − defined as
It is possible to define the average value of v + and v − as: 
Thus if
Similarly, average momentum flux per unit area can be defined as:
and
According to Eq: (4), when T + < T − we have
and according to Eq: (5), when
It is obvious that v 
where T i denotes time spell spent in the quadrant i by v i , and v i is define as is particularly useful for measuring particle transport and deposition in the near wall region.
C. Implementation of the stochastic quadrant model
The imbalance of v i within each of the four quadrants will be of differing importance to the transport and deposition of heavy particles. Events in quadrant II are mainly associated This probability distribution function is given by where σ is set to equal to the value of π 2 v i 2 1/2 at the corresponding y + location.
The logical next step is to construct a random process, which models the eddy motions in the four quadrants. Particles will interact with a random succession of eddies resulting from different quadrants. For this, a homogeneous Markov chain was conceived as a model for the evolution of eddy events in the four quadrants along the particle trajectories. Particles may interact with an eddy in quadrant I. After this eddy decays, they would then be able to interact with an eddy resulting from any of the four quadrants with a certain transition probability. 
where (p ij : i, j ∈ {1, 2, 3, 4}) denotes the corresponding probability distribution of random eddy events in each quadrant. The transition matrix in Eq: 14, needs to satisfy the condition j p ij = 1. For eddy events in the four quadrants, Eq: 14 is reduced to a "degenerate" transition matrix as
FIG . 6 shows variations of the relative probability associated with each of the four quad- fitting of Kallio and Reeks 6 . Furthermore, the Lagrangian time scale is assumed to obey an exponential distribution We thus can write the particle equation of motion involving the non-linear form of the drag law with the point particle approximation
where u p is the particle velocity and u the instantaneous fluid velocity at the particle position, τ p is the particle response time. Previous research effort on particle dispersion in a turbulent channel flow (see 49 ) has demonstrated that the particle Reynolds number,
Re p = |u − u p |d p /ν does not necessarily remain small enough. Thus, an empirical relation for C D from Morsi and Alexander 50 , which is applicable to a wide range of particle Reynolds number with sufficiently high accuracy, is employed, namely The position x p of particles is obtained from the kinematic relationship
The boundary condition for the above equation is that the particle is captured by the wall when its center is less than its radius away from the nearest wall. This is not properly treated in the default discrete phase model (DPM) provided by ANSYS FLUENT. Furthermore, this error has a significant effect upon predictions for the deposition of heavy particles under investigation. Moreover, it is worth pointing out that the present stochastic quadrant model does not take into account the effect of build-up of deposited particles on the incoming particles. The particle capture is assumed to be perfectly absorbing with no subsequent re-suspension.
From a converged RANS computation of the velocity flow field, Eq: (19) is integrated in time using the second-order Adams-Bashforth scheme to obtain particle trajectories, whilst Eq: (17) is integrated with the second-order accurate Gear2 (backward differentiation formulae) scheme to obtain instantaneous velocity of particles. Fluid velocities solved by CFD are stored at the centroid of cells. Since it is only by chance that a particle coincides with the cell centroid, a quadratic scheme based on velocity gradient reconstruction is used to interpolate the fluid velocity to the particle location. The collective statistical properties of the particle phase are obtained by following the trajectories of 10 5 particles.
III. RESULTS AND DISCUSSION

A. Continuous phase
The turbulent boundary layer was resolved using the standard k − model with enhanced wall treatment in ANSYS FLUENT. The y + value of the first cell adjacent to the wall was set at y + = 1. Two points need to be made here. First, there is no discernible discrepancy between the inlet and middle plane velocity profiles. Second, the calculated velocity profiles showed reasonable agreement with the DNS data of Kim et al. 44 across the boundary layer.
Given the fact that RANS was employed, the small difference between the calculated and DNS values shown in FIG. 8 is reasonable. As far as there is no discrepancy between the velocity profiles from two planes, this was achieved through a special treatment for the inlet boundary condition. An auxiliary simulation was set up in a small computation domain.
Then a converged velocity profile from the middle plane of this auxiliary simulation was exported to provide the initial velocity condition onto the inlet plane of a fully developed turbulent boundary layer. Through this technique, a transient region from the inlet plane is avoided.
B. Dispersed particle phase
Particle deposition rates
The particle deposition rate in a turbulent boundary layer is usually quantified through a mass transfer coefficient K defined as
where J w represents the particle flux onto the wall surface per unit area and time and c is the average particle concentration within the boundary layer. The computation technique
proposed by Kallio and Reeks 6 was used to calculate the non-dimensional particle deposition velocity defined as
where U is the average streamwise fluid velocity across the fully developed turbulent boundary layer, A is the boundary layer cross sectional area, P the duct perimeter, ∆x is the incremental length of section considered, and N in and N out are the total number of particles passing through the start and end plane of each section, respectively. The characteristic wall friction velocity u τ was used to obtain the non-dimensional deposition velocity V + dep . In this study, 10 5 particles are introduced uniformly from the inlet plane. In this work, an alternative continuous random walk (CRW) model is used to repeat the numerical study of particle deposition rates. This model is based on the wall-normal component of normalized Langevin equations in boundary layers (see 28, 52 ), which takes into account the effect of Stokes number along heavy particle paths (see 53 ). The Langevin equation is solved using a second-order accuracy Milshtein scheme (see 54 ). The non-dimensional fluctuating fluid velocity solved this way was converted to a physical velocity and then added into the particle equation of motion to account for the turbulence effect.
Results model accounting for the coherent events in turbulent boundary layers is different from that of Guingo and Minier, the predicted results for particle deposition are in line with those of Guingo and Minier.
Mean particle concentration
FIG. 12 shows the mean particle concentration profile as a function y + across the boundary layer under the assumption there is no inter-particle collisions. It can be noted that there is a significant build-up in concentration for the four classes of particles within the viscous sublayer. The phenomena of build-up of particles near the wall has been observed by numerous researchers (see 6, 18, 39 ) and is attributed to turbophoresis in the very near wall significantly different from the fluid phase. The difference increases with increasing particle inertia. This results from the fact that the heavier the particles, the slower their response to the change of surrounding fluid. As far as the raggedness displayed in the computed particle r.m.s profile is concerned, the reasons may be that the particle phase still has not reached equilibrium or that each sampling bin does not have a sufficient number of representative particles.
Mechanisms for particle deposition
The present stochastic model has also been used to study the mechanisms for particle deposition. By analysing extensively the DNS data-sets for particle transport in turbulent boundary layers, Brooke et al. 57 and Narayanan et al. 18 attributed deposition to two different mechanisms depending the particle inertia (Stokes number, St). Relatively low inertia particles deposit by a diffusion mechanism, whilst high inertia particles deposit as a result of free-flight. To differentiate between the two mechanisms, the concept of particle residence time introduced is namely the continuous time spent by a particle within a certain wall 18
where d p is the non-dimensional particle diameter, which is based on the free-fight theory 3 . It can be observed that the deposited particles with St = 2 do not follow the free flight theory defined by Eq: 22 as they assume relatively large near-wall residence time and small deposition velocity. These particles are usually referred to as the diffusion deposition population For all the deposited particles, the majority falls into the second population. As far as the over-prediction of near-wall residence time compared to the DNS data is concerned, these particles may experience significant repeated events both in quadrant IV (sweeps) and in quadrant II (ejections) within the viscous sublayer, and the events in quadrant II causes particles to be re-entrained to out-layer or to coast along the wall surface within the region of y + < 3 with relatively larger velocity values before getting deposited. As a consequence, they assume relatively larger velocity values and larger near-wall residence time at the same time.
A note on the influence of segregation on deposition
This is reflected in the contribution segregation has on the net drift velocity of particles towards the wall and it is the combination of drift versus diffusion away from the wall that leads to a build-up of particle concentration near the wall. The drift velocity is referred to as turbophoresis because when it was first invoked it referred to the migration of particles in an inhomogeneous turbulent flow from regions of high to low regions of turbulence intensity 56 .
More precisely the turbophoretic velocity is given by
where υ j υ i are the particle kinetic stresses per unit mass and τ p is the particle relaxation or response time. The formula reflects a balance between the drag and the gradients of the particle kinetic stress at equilibrium. In the case of a fully developed boundary layer, the drift velocity towards the wall simply reduces to υ t = −τ p d υ 2 /dy. It has nothing to do directly with the persistence or scale of the turbulent structures in the flow that is the direct cause of segregation..
The influence of segregation (un-mixing) has been shown to manifest itself as an extra drift that depends upon the compressibility of the particle velocity flow field along a particle trajectory 58 : Reeks has referred to it as Maxey drift because it is the same expression for the enhancement of settling under gravity due to turbulent structures in a homogeneous turbulent flow 59 . For a flow field generated by a Langevin equation involving a white noise driving force, the drift is zero because the flow field generated has no structure to it (it has zero spatial correlation). The turbulent flow field generated in this simulation does give rise to an extra drift other than that due to turbophoresis 56 because it has persistence both in space and time and is spatially inhomogeneous. However it is likely that in real boundary layer flows the combination of vorticity and straining would lead to more pronounced segregation, a greater enhanced drift and to greater deposition rates than predicted by current stochastic CRW models.
7. Probability density function (pdf ) of impact velocities of particles typically lower than the counterpart of fluid particles. Mechanisms for particle deposition is explored by observing particle residence time versus deposition velocity. The population of depositing particles by diffusion is well reproduced. This is also corroborated by a large increase in probability of deposition velocities in the first bin near zero.
The major drawbacks in the present stochastic models lie in the Lagrangian integral time scales for the random eddies occurred in four quadrants and in the inherent spurious drift associated with discrete random walk models. The latter disadvantages may be corrected by introducing an appropriately component into the particle equation of motion to for the wall-normal fluid velocity fluctuation (see 61 ). However, the time scales for the events in four quadrants still call for further investigations.
